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Decomposition-based product design optimization under
system of systems paradigm is linked with resource (i.e., prod-
uct) allocation. A two-stage, system of systems approach to link-
ing resource allocation (e.g., vehicle routing problem (VRP)) and
system design optimization (e.g., vehicle design problem (VDP))
is presented. The problem inherently contains discrete variables
from VRP, thus a practical formulation is presented to overcome
convergence difficulty associated with shared discrete variables
in a decomposed setting. Two examples, composed of four and
eight air routes respectively with the introduction of a new air-
craft to the existing fleet, are presented to demonstrate the ef-
fectiveness of the proposed approach. A new type of aircraft
is designed and allocated to the currently existing VRP to meet
the demand, while the direct operating cost of an airline is mini-
mized.
1 INTRODUCTION
Recently system of systems paradigm [1; 2; 3; 4; 5; 6] has
attracted attention in the aerospace industry, and the U. S. Army
has adopted this paradigm in transforming the current military
into Future Combat System [7]. While there exists no conclu-
sive definition of system of systems, Zemel and Rossak [1] de-
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†Corresponding author. Assistant Professor. ASME member. 104 S. Mathews
Ave., Urbana, IL 61801, USA.ttps://proceedings.asmedigitalcollection.asme.org on 06/28/2019 Terms of Use:scribed system of systems as a group of mega-systems that in-
tegrate several independently developed systems with different
sites, under different management, different schedules, and for
different purposes. Here all systems can stand alone and together
form a conglomerated attribute. Sage and Cuppan [4] attributed
a group of systems to be system of systems when they have all
or majority of the following characteristics: independent, evolu-
tionary, with emergent behavior, and with geographic distribu-
tion. Similarly, Maier [3] defined the system of systems in more
general terms: a collection of independent systems functioning
together to achieve a common goal. Collectively, system of sys-
tems can be defined as a dynamic, interdisciplinary network of
decision-making entities arising from multiple autonomous indi-
vidual systems.
In a vehicle routing problem (VRP) [8], in the airline’s per-
spective, the objective is to find an optimal allocation of aircraft’s
fleet with minimum operating cost while meeting the demand.
In the aircraft design problem, in the aircraft manufacturer’s per-
spective, the objective is to maximize the performance of the air-
craft while satisfying design constraints. In aerospace and air
transportation industry, traditionally, vehicle allocation (i.e., ve-
hicle routing problem) and vehicle design have been treated sep-
arately. However, there exists a clear link between the specifica-
tion (i.e., design) of an aircraft and its allocation to meet demand.
Thus, an optimal routing must consider the capabilities of the ex-
isting aircraft and new additional aircraft that will be added in the
current fleet simultaneously. http://www.asme.org/about-asme/terms-of-use
DownloaFigure 1. TWO-STAGE MODELLING BY LINKING AIRCRAFT DESIGN
WITH ROUTING
The motivation of the current work comes from the question:
When a system of systems entity (e.g., airline) plans to allocate
additional new systems to fulfill its objective and it has the ca-
pability to customize its system designs, what would be optimal
system allocation and optimal system design? Take an airline
example [6]. An airline plans to order a new aircraft to meet
the increasing demand. Here, it is assumed that the airline can
specify product design attributes (e.g., number of seats) for the
aircraft manufacturer and the aircraft manufacturer can meet the
aircraft design requirements for its client. Before ordering a new
aircraft, currently, the airline operates with its current fleet of air-
craft, which is a traditional vehicle routing problem (VRP). At
the next stage, when new aircraft specifications are determined,
this VRP is linked with the aircraft design problem as shown in
Figure 1.
Crossley et al. [6; 9] integrated these two separate problems
under the notion of system of systems and solved the all-in-one
problem utilizing discrete optimization methods. In [6], the sys-
tem of systems characteristics were identified in an airline case
with the assumption of being static, deterministic, and operating
in a non-competitive environment, while acknowledging that it
should be extended to a dynamic, stochastic, and competitive en-
vironment. In [9], the system is optimized non-hierarchically in
finite stages with the introduction of a recursive formulation.
To model the autonomous and large-scale nature, this article
presents a system of systems approach in a decomposed frame-
work, separating the routing problem from the design problem,
while modeling the link. Also, the routing problem itself is de-
composed to effectively establish a basic framework that over-
comes computational limitations in utilizing discrete optimiza-
tion methods throughout the stages. For example, the second
case in this article deals with a hub with eight connecting routes.
Instead of solving the eight route problem in a single problem, it
is decomposed into four sub-routes (i.e., two routes each).2
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lytical target cascading (ATC) framework [10; 11; 12] is adopted
in this article. While most of the previous work on decomposed
design framework (including ATC) has focused on continuous
variable cases, a challenge arises when incorporating discrete
variables that are common in VRP resulting in a mixed integer
nonlinear programming (MINLP) problem. For the shared link-
ing variables in ATC, for example, subproblems may return two
different values for the same shared variable. In the continuous
case, the average value is calculated and assigned as a target for
the subsystems in the subsequent iteration. However, for discrete
variables, taking average does not always lead to a discrete value.
To effectively share discrete variables, a multiplication term is
added in the ATC formulation as described in the next section.
This article presents two main contributions: 1) linking ve-
hicle routing with product design utilizing decomposed decision
making framework under system of systems context, and 2) ef-
fective handling of shared discrete variable in a decomposed en-
vironment to solve MINLP in the ATC framework. The system
of systems modeling is modeled in a two-stage formulation under
the fixed demand and route configurations. The decision maker
(e.g., airline) is considered as a single system of systems entity
with no competition allowed in the market. This research serves
as a foundation to model the system of systems paradigm com-
bining vehicle routing with product design. This research can
be combined with additional characteristics of the system of sys-
tems such as dynamic nature, competition, uncertainty, etc.
The paper is organized as follows. The next section de-
scribes the problem statement of combining vehicle routing with
product design optimization, utilizing hierarchical decomposi-
tion in the ATC framework to solve MINLP problem. Two
demonstration cases are introduced in the following section, fol-
lowed by results, discussion and conclusion.
2 PROBLEM STATEMENT
2.1 All-In-One Problem
The problem considers a system of systems entity that plans
to allocate additional new systems to fulfill its objective and it
has the capability to customize the systems designs (i.e., specifi-
cations). At the current (or first) stage, the entity optimizes the
resource allocation only, and at the next (or second) stage, the
resource allocation is linked with system design to find optimal
system design and allocation simultaneously. Figure 1 illustrates
an airline example, linking aircraft design (i.e., vehicle design
problem (VDP)) with aircraft routing (i.e., vehicle routing prob-
lem (VRP)).
In the second stage, the VRP and the VDP are optimized
together as an All-In-One problem. The VRP variables, XV RP,
are the vehicles’ number of integer trips assigned to a certain
route. The equality and inequality constraints, gV RP and hV RP
respectively, are capacity and demand constraints.Copyright  2006 by ASME
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DownloaFigure 2. HIERARCHICAL DECOMPOSITION WITH VEHICLE ROUT-
ING DECOMPOSITION
The product design’s variables, XPD, are the new product’s
technical features that affect its cost. The equality and inequality
constraints, gPD and hPD, are the technical constraints to make
the product optimal.
The overall problem is a minimization of the operating cost
of the entire fleet, including the new system introduced. The cost
can be calculated in several ways, and in the next section, the Di-
rect Operating Cost (DOC) used in this paper is described. The
objective function is a multiobjective minimization with both
problems’ variables (1), and both problems’ constraints (2-5).
Since the All-In-One problem is hard to solve, a hierarchically
decomposition is proposed. In the next section we describe how




gV RP ≤ 0 (2)
hV RP = 0 (3)
gPD ≤ 0 (4)
hPD = 0 (5)
2.2 Decomposition of the All-In-One Problem
The second stage problem, Figure 1, is formulated in a de-
composed framework. Its objective is to make the problem ac-
curate, efficient and able to account for future stages. Using the
system of systems approach, the problem is divided hierarchi-
cally in two levels: the top or system level, that is the design
optimization, and the bottom or subsystem level, that is the vehi-
cle routing problem, see Figure 1. The bottom level is physically
divided in sets of routes linked by the system level, Figure 2, to
ensure present and future efficiency. Since vehicle routing prob-
lem is divided, design optimization is the top level and the VRP
is at the bottom level in order to constitute a hierarchically de-
composed problem that will be solved by the ATC framework.3
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lem’s variables and constraints are divided in subgroups. The
variables are separated in local and shared (linking) variables,
where the product design local variables are referred as X̂PD and
the linking variables as YPD. The VRP constraints will also be di-
vided in demand constraints, gV RPdem , hV RPdem , and capacity con-
straints, gV RPcap , hV RPcap .
2.2.1 System Level: Product Design Problem
The system design optimization is a multidisciplinary optimiza-
tion problem that accounts for the product design optimization.
The problem’s objective function has two distinctive parts, as
shown in equation (6). The first part minimizes DOC as a func-
tion of the design variables, and the second one minimizes the
difference between the system’s and subsystems’ linking vari-
ables, YuPD and YlPDi (i is subsystem index). These differences
are calculated using the squared L-2 norm.
The system level variables are: local product design vari-
ables, and linking product design variables. Its constraints are:




gPD ≤ 0 (7)
hPD = 0 (8)
2.2.2 Subsystem Level: Routing problems In or-
der to have a manageable size of the problems in a multistage sce-
nario with a Mixed Integer Non-Linear programming, the sub-
system level is physically decomposed in subproblems.
Each vehicle routing subsystem is a multiobjective opti-
mization problem, equation (9). The first part minimizes the
VRP direct operating cost of the subsystem, and the second part
minimizes the difference between the system and subsystems
linking variables in a squared L-2 norm form.
The system level variables are local vehicle routing variables





gV RPdem ≤ 0 (10)
hV RPdem ≤ 0 (11)Copyright  2006 by ASME
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system of systems fulfill the VRP constrains with multiple sub-
systems, the VRP capacity constraints are included in the sys-
tem’s level, equations (12-13). In this form, the subsystems as-
sures that the demand constraints are met, and the system’s level
assures that the set of subsystems does not violate the capacity
constraints.
gV RPcap ≤ 0 (12)
hV RPcap = 0 (13)
The problem is optimized in an iterative way by applying the
ATC method. It starts with the pure sub-routing problems to the
linked product design problem. The cycle is iterated until they
reach a feasible solution.
2.3 Multiplication Term to Handle Discrete Linking
Variables in ATC
While most of the previous work on ATC has focused on
continuous variable cases, a challenge arises when discrete vari-
ables common in the VRP have to be incorporated. The mul-
tiplication term is a practical extension to the ATC formulation
to manage discrete shared linking variables. Here the goal is to
enforce the system of systems to converge to one of the subsys-
tems local minimums instead of taking their average. The term
is introduced as part of the objective function’s handling linking
variables.
In ATC, for example, for shared linking variable yV RP the
subproblems may return two different values yV RP,1,yV RP,2 for the
same shared variable yV RP. In the continuous case, the average
value is calculated and assigned as a target for the subsystems in
the subsequent iteration. For the discrete case, however, taking
the average does not always lead to a discrete value. To overcome
this, a multiplication term is added in the ATC formulation:
(yV RP− yV RP,1)2 +(yV RP− yV RP,2)2
+(yV RP− yV RP,1)2(yV RP− yV RP,2)2 ≤ ε (14)
In (14), the first two terms enforce consistency by taking the av-
erage of two different values of the shared variable (i.e., algebraic
mean) and the additional multiplication term enforces the shared
variable to take an integer value. The deviation constraint can
be satisfied only if the multiplication term is zero, which occurs
when yV RP is equal to yV RP,1 or yV RP,2. Since yV RP,1 and yV RP,2
are integer, yV RP is forced to be integer as well.
The multiplication term does not replace the individual vari-
ables’ deviation terms (i.e., algebraic mean calculation). The in-
dividual terms search for an average point that minimizes the
overall difference of the linking variables, and the multiplication4
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point. Without the individual deviation terms, the system level
will take the smallest value of the subsystems’ linking variable
values.
3 DEMONSTRATION CASE
To demonstrate the effectiveness of the problem formula-
tion, an airline case is considered. This airline operates with a
hub as the center of its operations. A round trip from the hub to a
city is called a trip, and each aircraft can make two trips per day.
Each route has the outgoing demand as the critical one, which is
incorporated in the optimization problem.
The first stage is a common VRP that minimizes the daily
direct operating cost (DOC). The XV RP variables, for the two ex-
isting aircraft, are xA,i and xB,i: the number of trips each type of
aircraft is assigned to route i. The gV RP are the capacity con-
straints for each aircraft, CapA and CapB, and the demands con-
straint, Di. The second stage includes the product design problem
to the VRP.
3.1 All-In-One Problem
The All-In-One problem of the second stage has variables
and constraints from VRP and product design together. The X̂PD
are: maximum number of passengers (y), aspect ratio (AR), wing
loading ( WS ), and thrust-to-weight ratio (
T
W ). These variables
have upper and lower values to make the problem feasible, equa-
tions (21-24). The new variable xnew,i is included in XV RP.
In the demonstration case, as referred in the problem state-
ment, the objective function is the minimization of the direct op-
erating cost of the entire fleet (DOC) for the n routes (15). The
costs of the existing aircraft for the n routes are given, cA,i and
cB,i, and the cost of the new aircraft to be designed, cnew,i, is cal-
culated as a function of the product’s development variables. The
new aircraft cost calculation is from by Raymer [13], Muharrem
[14].
The calculation of the DOC of a trip of a twin-engine air-
craft is a summation of: fuel cost, flight crew cost, cabin crew
cost, aircraft maintenance cost, engine maintenance cost, depre-
ciation, insurance, interests and landing fee. The fuel cost is a
multiplication of the fuel required in the cruise, climb, warm up,
take off and loiter, and the price. The flight and crew member’s
cost is calculated by the labor wage and the working and resting
times required by law. The aircraft and engine maintenance cost
consists of the labor cost and the material cost. Some parame-
ters necessary to calculate the DOC are: aircraft’s weight, crew
members per passenger, percentage of passengers in economy
and first class, design mission, cruise altitude and loitering time,
aircraft cost, discount interest rate, etc.
The capacity constraints for each aircraft, CapA, CapB,
Capnew, (17-19), and the demand’s constraint, Di, (16) corre-Copyright  2006 by ASME
: http://www.asme.org/about-asme/terms-of-use
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of the trips and the number of passengers per new and existing
aircraft, ynew, yA and yB. The maximum landing distance for the
aircraft to land in the smallest airport of the routes (20) corre-
sponds to gPD. The assumptions of this problem are: fixed de-



















































) ≤ 8990 (20)
80≤ y ≤ 250 (21)








In this model, there is a trade-off between the VDP and VRP.
For the design model, the direct operating cost of an aircraft that
can carry a small number of passengers is cheaper than that of
an aircraft for more passengers. However, the minimization of
the DOC for the entire fleet enforces the number of passengers
to increase to reduce the number of trips and the daily DOC.
3.2 Decomposed Problem
3.2.1 System Level: Product Design Problem
The variables in the decomposed approach described in the prob-
lem statement are grouped in the demonstration case (25-27) as5
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YPD = y (27)
The first part of the multiobjective function of the system level is
the minimization of the daily DOC of the new aircraft’s longest
route. The second part minimizes the deviation of the linking
variable, maximum number of passengers y, and the responses
for the m subsystems (28).
The responses in this problem are the capacities, airut,j, for
which the system level assures that the sum of the subsystem
t, satisfies the fleet’s capacity of aircraft j, (30-32). From the


























































airut,new ≤ Capnew (32)
80≤ yu ≤ 250 (33)







airut, j ≥ 0 (37)
airut, j,y
u ∈ Z
In this example, the multiplication term makes sure that the re-
sulting maximum number of passengers takes in one of the sub-Copyright  2006 by ASME
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Downlosystems’ local minimums (38) and the multiplication term does
not replace the individual term (algebraic mean). Without the in-
dividual deviation terms, by combination of the minimization of
the cost of the longest route, the system level would result in the
minimum of the subsystems’ number of passengers.
‖yu− yl1‖∗ .....∗‖yu− ylm‖ (38)
3.2.2 Subsystems: Routing problems In the rout-
ing problems, two types of decisions are made: which aircraft
type j is allocated in which route i, xj,i where s is a subset n. Also,
how many passengers should the new aircraft have, ylt where t is
the subsystem’s number.
The first term of the objective function, (39) minimizes the
daily DOC of the fleet in the subsystem. The costs are calculated
with the new aircraft’s design from the system level and the vari-
able ylt. The second part minimizes the deviation of the linking
variable, ylt, and the response variables, airt,j, (39).
The subsystems have three weights: wold and wnew are the
weights for the number of trips allocated for the existing and new
aircraft that has different values because the new aircraft is more
desirable, and wy is the linking variable’s weight.
The responses come from the system level, and the prod-
uct design variables and the capacity are also from the system
level, airut,j. From (46-48), the subsystem aggregates the individ-
ual route’s number of trips to subsystem’s number of trips in the



































xnew,i−airut,new‖+wy ∗‖ylt − yu‖ (39)6

















yA× xA,i + yB× xB,i + ylt × xnew,i ≥ Di, i = 1, ..,n (40)
80≤ ylt ≤ 250 (41)
0≤ xA,i ≤ CapA, i = 1, ..,n (42)
0≤ xB,i ≤ CapB, i = 1, ..,n (43)
0≤ xnew,i ≤ Capnew, i = 1, ..,n (44)
















In order to demonstrate the problem, two different routes’
scenarios are considered: An airline with four routes and two
types of aircraft in the initial stage, and an airline with eight
routes and two types of aircraft in the initial stage, Figures 3-
5. These examples will show efficiency and accuracy of the ATC
decomposed problem and of the multiplication term.
3.3 Four-Route Problem
The airline initially has two types of aircraft, A and B, and
four-route (Figure 3) to operate. Tables 1 and 2 show the existing
aircraft parameters.
The four-route’s first stage was solved as a traditional All-
In-One VRP, and the second stage as an All-In-One problem andCopyright  2006 by ASME
 http://www.asme.org/about-asme/terms-of-use
DownloadTable 1. FOUR-ROUTE AIRCRAFT A AND B PARAMETERS
Parameter Aircraft A Aircraft B
Number of Passengers 140 100
Design mission[nm] 2080 2400
Wing Loading [lb/ft2] 132.16 117.62
Aspect ratio 7.9 7.91
Thrust-to-weight ratio 0.3133 0.3
Table 2. FOUR-ROUTE DIRECT OPERATING COST (DOC) IN PROB-
LEM IN THOUSAND DOLLARS






Min: DOC of new aircraft in longest route and linking sub problems new design passengers’
and allocation variables 
wrt AR,W/S,T/W, y(u) (upper new design passengers), air(uij) (upper allocation to sub 
problems)
Subject to Take off distance
Trip limits (capacity)
Subsystem 1
Min: DOC fleet in routes 1 
and 2 linking with upper 
level: new design 
passengers’ and allocation 
variables 
wrt y(l1) (new design 
passengers), x(ij) (trips 
allocated in each route)
Subject to Demand 
satisfaction
air(l1j)=x(j1)+x(j2), j aircraft 
type
Subsystem 2
Min: DOC fleet in routes 3 
and 4 linking with upper 
level: new design 
passengers’ and allocation 
variables 
wrt y(l2) (new design 
passengers), x(ij) (trips 
allocated in each route)
Subject to Demand 
satisfaction










Figure 4. FOUR ROUTES’ ATC HIERARCHICAL DECOMPOSITION
decomposed using ATC. The vehicle routing is also physically
decomposed in two subsystems with two routes each, communi-
cated by the system level, Figure 4. In order to check the accu-
racy of the system of systems with ATC and the multiplication
term, the second stage was solved with and without the multipli-
cation term at the system level.7
























Figure 5. EIGHT-ROUTE GEOGRAPHY
Table 3. EIGHT-ROUTE AIRCRAFT A AND B PARAMETERS
Parameter Aircraft A Aircraft B
Number of Passengers 190 165
Design mission[nm] 3700 3500
Wing Loading [lb/ft2] 129.98 113.11
Aspect ratio 7.7 8
Thrust-to-weight ratio 0.308 0.303
Table 4. EIGHT-ROUTE DIRECT OPERATING COST (DOC) PER TRIP
THOUSAND DOLLARS










The airline initially has two types of aircraft, A and B, and
eight routes (Figure 5). Tables 3 and 4 show the existing aircraft
parameters.
The eight-route problem was solved in the fist stage as a
VRP and the second stage decomposed using ATC. The system
of systems decomposition is divided in two levels: aircraft de-Copyright  2006 by ASME
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decomposed in four subsystems with two routes each, commu-
nicated by the system level, Figure 6. To check the usefulness
of the multiplication term, the second stage was solved with and
without the multiplication term in the system level.
In order to check accuracy of the ATC decomposition in the
eight-route problem, an individual search was done. The veri-
fication search consisted on optimizing the aircraft design for a
fixed number of passengers, and apply those values to the VRP.
4 Numerical Results
The system and subsystems optimization problems were
solved in BNB20, an application of Matlab that uses branch and
bound method [15] to solve Mixed Integer Non-Linear optimiza-
tion (MINLP).
4.1 Four-Route Problem
4.1.1 Second Stage All-In-One Problem The first
stage has a direct operating cost of $340,000 using six trips of
aircraft A and six trips of aircraft B. The All-In-One problem was
solved six times with feasible and infeasible starting points for
the vehicle routing and for the product design. From the results,
Table 5, the variable that affects the daily DOC the most is y,
maximum number of passengers. Branch and bound algorithm
obtained two solutions, 220 and 234 maximum passengers.
An optimal solution is to acquire a new aircraft with 234
passengers, AR of 6, WS of 126.41 and
T
W of 0.3 with a DOC
of 275.5 thousand dollars. Aircraft A has no trips assigned, B
has one trip assigned, and the new aircraft has assigned its full
capacity. The solution process took approximately 51 thousand
function evaluations to be find an optimal solution.
4.1.2 Second Stage ATC Decomposed Problem
with Multiplication Term The problem was run four times
with feasible and infeasible starting points for the vehicle rout-
ing and for the new aircraft design. From the results, Table 6, the
solutions are same with that in the previous section: 220 and 234
maximum number of passengers of the new design with the best
solution of 275.5 thousand dollars. The decomposed problem is
shown to be more efficient than the all-in-one problem. It has
an average of 21 thousand function evaluations in the four runs,
approximately 50 percent of the All-in-One problem.
4.1.3 Second Stage ATC Decomposed Problem
without Multiplication Term The second stage was run
without the multiplication term in the same scenarios. From
the results, Table 6, the solutions are not the same as the All-In-
One problem or the decomposed problem with the multiplication
term. In this case, the linking variables of the system level en-8
ded From: https://proceedings.asmedigitalcollection.asme.org on 06/28/2019 Terms of UseTable 5. FOUR ROUTES’ ALL-IN-ONE RESULTS
Feasible xi NO NO NO YES YES YES
Feasible aircraft NO ON A ON B NO ON A ON B
xA1 0 0 0 1 0 0
xA2 0 0 0 5 0 2
xA3 0 0 0 0 0 0
xA4 0 0 0 0 0 1
xB1 1 1 1 0 1 1
xB2 0 0 0 0 0 0
xB3 0 0 0 0 0 0
xB4 0 0 0 0 0 1
xnew1 1 1 1 1 1 1
xnew2 3 3 3 0 3 2
xnew3 1 1 1 1 1 1
xnew4 1 1 1 1 1 0
maximum y 234 234 234 220 234 220
AR 6 6 6 6 6 6
W
S 126.4 126.4 126.4 126.4 126.4 126.4
T
W 0.3 0.3 0.3 0.3 0.3 0.3
DOC 275.5 275.5 275.5 315.4 275.5 325.6
(thousand dollars)
force the maximum number of passengers of the new design to
take the average of the two subsystems’ minimums, forcing the
final solution to be between the two local minimums, 220 and
234. The average of local minima increased the daily DOC in
all the runs, Table 7, because it required one more trip in subsys-
tem 1 to account for the 28 and 16 passengers that could not be
transported in the 227 and 230 maximum passengers’ design.
The decomposed problem without the multiplication term
for the four routes needed 21.6 thousand function evaluations to
solve the problem, therefore, there is not a considerable differ-
ence with the system of systems decomposed problem with the
multiplication term.
4.2 Eight-Route Problem
The first stage has a Direct Operating Cost of 1.3 million
dollars using ten trips of aircraft A and twelve trips of aircraft
B. The second stage is optimized using ATC decomposition with
and without the multiplication terms and validated by an individ-
ual search to check the accuracy of the ATC problem.Copyright  2006 by ASME
: http://www.asme.org/about-asme/terms-of-use
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Min: DOC of new aircraft in longest route and linking sub problems new design 
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level: new design 
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Figure 6. EIGHT-ROUTE ATC HIERARCHICAL DECOMPOSITION4.2.1 Second Stage ATC Decomposed Problem
with Multiplication Term The problem was run three times
with feasible and infeasible starting points for the vehicle routing
and for the new aircraft design. It needed between five and seven
iterations with increasing weights to reach the solution.
From the results in Table 8, the solutions have small vari-
ations depending on the initial values. The range varies from
221 to 236 maximum number of passengers and 6.04 and 6.13
AR. Also, all the possible trips of the new aircraft, as in the four
routes, are allocated. The daily DOC of the entire fleet varies
from 1.09 to 1.15 million dollars, and the best solution is with a
maximum of 236 passengers in the new designed aircraft using
five trips of type A, eight trips of type B, and six trips of the new
design.
4.2.2 Second Stage ATC Decomposed Problem
without Multiplication Term The second stage without the
multiplication term was run in the same scenarios that with the
multiplication term. From the results, table 8, the solutions are
not the same as the decomposed problem with the multiplication
term. Without the multiplication term, the linking variables of
the system level enforce the maximum number of passengers of
the new design to take the average of the four minimums found in
the subsystems, forcing the final solution to be between 215 and
235. This average of local minimums, as what happened in the9
s.asmedigitalcollection.asme.org on 06/28/2019 Terms of Usefour routes problem, increases the daily DOC in all the runs be-
cause it required more trips to account for the deficiency caused
by the average value of the passenger’s design, 9.
The best solution obtained for the decomposed problem was
with a maximum of 215 passengers for the new design and 1.13
million dollars. It has a daily DOC of 35 thousand dollars more
than the problem with the multiplication term.
4.2.3 Second Stage Validation of Problem In Ta-
ble 9 it is shown that the final solution is 237 passengers with
a DOC of 1.05 million dollars. The results obtained by the de-
composed problem are not the optimum, however, they are in its
vicinity, Table 9. It shows that the decomposed problem with
the multiplication term is closer to the optimum than the decom-
posed problem without the multiplication term.
The application of ATC to a decomposed problem provides
a framework suitable for evolving system of systems. The idea
of system of system was applied to the two stage aircraft decom-
posed problem with an acquisition of a new aircraft in the second
stage of the eight-route problem. This stage, using a new aircraft
with the solution of the proposed approach, assuming no replace-
ment, the airline would save on average 175 thousand dollars ev-
ery day or around 64 millon dollars in a year. Of course, this
value will decrease when considering other costs not included in
the model such as depreciation of old aircraft.Copyright  2006 by ASME
: http://www.asme.org/about-asme/terms-of-use
Downloaded From: https://pTable 6. FOUR ROUTES’ DECOMPOSED PROBLEM RESULTS WITH AND WITHOUT THE MULTIPLICATION TERM
WITH TERM WITHOUT TERM
Feasible xi NO NO YES YES NO NO YES YES
Feasible aircraft NO ON A ON B NO NO ON A ON B NO
xA1 0 0 0 0 2 0 0 0
xA2 2 0 0 0 2 0 0 0
xA3 0 0 0 0 0 0 0 0
xA4 0 0 0 0 0 0 0 0
xB1 1 1 1 1 1 1 1 1
xB2 2 0 0 1 2 1 1 1
xB3 0 0 0 0 0 0 0 0
xB4 0 0 0 0 0 0 0 0
xnew1 1 1 1 1 0 1 1 1
xnew2 1 3 3 3 1 3 3 3
xnew3 1 1 1 1 1 1 1 1
xnew4 1 1 1 1 1 1 1 1
y 220 234 234 220 220 230 230 230
AR 6 6 6 6 6 6 6 6
W
S 126.4 126.4 126.4 126.4 126.4 126.4 126.4 126.4
T
W 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3
DOC 298.3 275.5 275.5 289.5 323.7 297.9 297.9 297.9
(thousand dollars)Table 7. COMPARISON BETWEEN RESULTS WITH AND WITHOUT MULTIPLICATION TERM IN FOUR ROUTES PROBLEM IN THOUSAND DOL-
LARS
Optimal direct operating cost (DOC)
Initial design feasibility With Multiplication Term All-In-One
Demand and capacity constr. Aircraft design constr. Yes No
Infeasible Infeasible 298.3 323.7 275.5
Infeasible Feasible 275.5 297.9 275.5
Feasible Feasible 275.5 297.9 325.6
Feasible Infeasible 289.5 300.4 315.45 Conclusion
The two-stage framework proposed in this paper, including
the multiplication term, proves to be effective and efficient: In
the four-route problem, the decomposed problem generates the
identical optimal result as in the all-in-one problem, and in the
eight-route problem, the solutions are near the proximity of the
global minimum. The decomposition with ATC shows to be
also efficient. The four routes’ problem reduced about 50 per-
cent of the required function evaluations. The reduction of the10
roceedings.asmedigitalcollection.asme.org on 06/28/2019 Terms of Use:eight-route problem was not quantified, however, the proposed
approach solved the problem successfully, while the branch and
bound algorithm in BNB20 could not solve the all-in-one prob-
lem in a reasonable time.
This paper also presented a new practical way to handle dis-
crete shared linking variables in ATC. In order to handle shared
integer variables throughout different levels, a multiplication
term was included as an addition to the deviation terms. The term
enables the system level to converge to a local discrete minimumCopyright  2006 by ASME
 http://www.asme.org/about-asme/terms-of-use
DownloadTable 9. COMPARISON BETWEEN RESULTS WITH AND WITHOUT MULTIPLICATION TERM IN FOUR ROUTES PROBLEM IN MILLION DOLLARS
Optimal direct operating cost (DOC)
Initial design feasibility With Multiplication Term Verification
Demand and capacity constr. Aircraft design constr. Yes No
Infeasible Infeasible 1.09 1.15 1.05
Infeasible Feasible 1.11 1.13 1.05
Feasible Feasible 1.15 1.16 1.05and not to take an average of lower level linking variables as the
original ATC would handle continuous variables. This term has
been proven to be beneficial by the four-route and eight-route by
comparing the results of the solutions obtained with and without
the multiplication term. It gives interesting insights for the appli-
cation of discrete linking variables in ATC and the authors plan
to formalize this as an addition to the ATC formulation in the fu-
ture. The new framework allows the incorporation of important
systems of systems characteristics yet to be incorporated. De-
mand, technical uncertainty, and vehicle replacement are some
examples. Another arena can be the incorporation of other air-
line’s characteristics such as cost of back orders in the problem.
The generalization of the two-stage evolution to multi-stage sce-
nario is also an open research area.11
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y number of passengers for the new aircraft
assigned by the All-In-One problem
AR aspect ratio for the new aircraft
W
S wing loading for the new aircraft
T
W thrust-to-weight ratio for the new aircraft
xA,i number of trips of aircraft type A allocated
in route i
xB,i number of trips of aircraft type B allocated
in route i
xnew,i number of trips of aircraft type itnew allocated
in route i
cA,i daily direct operating cost for the aircraft A
in route i
cB,i daily direct operating cost for the aircraft B
in route i
ci daily direct operating cost for the aircraft new
in route i
clongest the daily direct operating cost for the longest
route
CapA Maximum capacity of trips of aircraft A
CapB Maximum capacity of trips of aircraft B
Capnew Maximum capacity of trips of aircraft new
Di Demand of route i
yA number of passengers of the aircraft A
yB number of passengers of the aircraft B
yu number of passengers for the new aircraft
assigned by the system
ylt number of passengers for the new aircraft
assigned by lower level subsystem t
airut,j number of airplanes of type j allocated in
subproblem t by the system level
airlt,j number of airplanes of type j allocated in
subproblem t by each subproblem
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